If H is a (complex) Hilbert space and ^~ is a collection of (closed linear) subspaces of H it is easily shown that the set of all (bounded linear) operators acting on H which leave every member of J^~ invariant is a weakly closed operator algebra containing the identity operator. This algebra is denoted by Alg &~. In the study of such algebras it may be supposed [4] that J^~ is a subspace lattice i.e. that J^~ is closed under the formation of arbitrary intersections and arbitrary (closed linear) spans and contains both the zero subspace (0) and H. The class of such algebras is precisely the class of reflexive algebras [3] . In [2] it is shown that if ^~ is totally ordered then Alg J^ is the strongly closed algebra generated by the operators of rank one it contains. We consider the problem of which subspace lattices have this density property. Totally ordered complete lattices are completely distributive in the sense of G. N. Raney [6]. It is shown that a subspace lattice with this density property is completely distributive and the converse is established in the case where the underlying space is finite dimensional.
Introduction.
If H is a (complex) Hilbert space and ^~ is a collection of (closed linear) subspaces of H it is easily shown that the set of all (bounded linear) operators acting on H which leave every member of J^~ invariant is a weakly closed operator algebra containing the identity operator. This algebra is denoted by Alg &~. In the study of such algebras it may be supposed [4] that J^~ is a subspace lattice i.e. that J^~ is closed under the formation of arbitrary intersections and arbitrary (closed linear) spans and contains both the zero subspace (0) and H. The class of such algebras is precisely the class of reflexive algebras [3] . In [2] it is shown that if ^~ is totally ordered then Alg J^ is the strongly closed algebra generated by the operators of rank one it contains. We consider the problem of which subspace lattices have this density property. Totally ordered complete lattices are completely distributive in the sense of G. N. Raney [6] . It is shown that a subspace lattice with this density property is completely distributive and the converse is established in the case where the underlying space is finite dimensional.
Notation and preliminaries.
Most of the notation is taken from [5] . An abstract lattice L is called distributive if
and its dual statement hold identically in L. In the following let L be a complete lattice. We adopt the conventions that V0 = Oand A0 = 1 where 0 and 1 are the zero and unit element of L respectively. The following notation and definition is taken from [6] . If A is a non-empty index set and 0 = {#« : a £ Aj is a family of non-empty subsets of L let S(4>) denote the collection of mappings 5 : A -» L with the property that s (a) (E </>«(« £ A). For any subspace N of H denote by P N the (orthogonal) projection whose range is N.
A necessary condition.
LetIF be a subspace lattice on H and let ^?, 21 and 21 be as described above.
Proof. Since F is a complete lattice we need only show that M = M^ for every element M of F. We may suppose that dim H ^ 1. Then clearly 3? ^ 0. Fix M G F. We first show that (1 -P M )(e ® f)P M * = 0 for every operator e ® f d S%. This is equivalent to showing that e ® f maps M% into M. By Lemma 3.1 of [5] there is a subspace K Ç F such that/ £ i£ and e £ H Q K^. Proof. Clearly we may suppose that dim H ^ 1. By our earlier remarks ^ is distributive and finite. Let^ be the set of non-zero join-irreducible elements of JT Then J ^ 0. For every K £ J select a basis 38 (K)
First we show that X is a linearly independent set of vectors. Enumerate the elements of </, say K1K2 ... K n in such a way that K t C Kj implies i < j. Consider Suppose then that M Ç J^~ is non-zero and is not an atom and that X P\ M is not a basis for M. Then there is a non-atomic element i£ (1) G f with i£ (1) C Af such that in i£ (1) is not a basis for i£ (1) . There is a non-atomic element K^ Ç y with i£< 2 > C i^ ( 1) such that X Pi i£ (2) is not a basis for X< 
